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============

We provide a general, unifying method for convergence and regularity analysis of multivariate non-stationary, i.e. level-dependent, subdivision schemes with an integer dilation matrix *M* whose eigenvalues are all larger than 1 in the absolute value. It has been believed until recently that the joint spectral radius approach, successfully used for the regularity analysis of stationary subdivisions, is not applicable in the non-stationary setting. Our results dismiss this belief. We show that the joint spectral radius techniques are applicable for all non-stationary schemes that satisfy two mild assumptions: all level-dependent masks have the same bounded support and satisfy the so-called *approximate sum rules*. We show that the approximate sum rules are "almost necessary" for convergence and regularity of non-stationary schemes. We derive sharp criteria for convergence of non-stationary schemes in the spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$M = mI, m \ge 2$$\end{document}$, obtain a formula for the Hölder exponent of their limit functions. The application of our results allows us, e.g. to determine the Hölder regularity of the generalized Daubechies wavelets and, thus, prove the recent conjecture by Dyn et al. \[[@CR32]\]. In this paper we focus mainly on subdivision schemes, although our results are applicable to all non-stationary refinable functions, in particular, the ones used for constructions of non-stationary wavelets.

Subdivision schemes are linear iterative algorithms that interpolate or approximate data on a given polygonal mesh. From starting data, such schemes repeatedly compute local, linear weighted averages of sequences of real numbers or point in $\documentclass[12pt]{minimal}
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                \begin{document}$$s=2,3$$\end{document}$. The weights are real numbers that define the so-called subdivision mask of the scheme. The scheme converges, if the subdivision recursion generates a continuous limit function from every starting data sequence. The first subdivision scheme is the corner cutting algorithm by de Rham \[[@CR30]\] that generates smooth curves from the given vertices of a polygon in $\documentclass[12pt]{minimal}
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Subdivision schemes are simple to implement, intuitive in use, and possess many other nice properties (linearity, shift-invariance, etc). This motivates their wide popularity in modeling freeform curves and surfaces and in computer animation. The potential of subdivision schemes has recently also become apparent in the context of isogeometric analysis, a modern computational approach that integrates finite element analysis into conventional CAD systems. Thus, in the last ten years, there has been an increase of interest in subdivision schemes. The main questions when analyzing any scheme are its convergence and the regularity of its limit functions. Both of these questions can be answered effectively using the *matrix approach* that reduces these questions to computation of the *joint spectral radius* of a special, compact set of square matrices.

Non-stationary subdivision schemes were introduced to enrich the class of limit functions of stationary schemes and have very different and distinguished properties. Indeed, it is well-known that stationary subdivision schemes are not capable of generating circles, ellipses, or, in general, of generating exponential (quasi-) polynomials $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda \in \mathbb {C}^s$$\end{document}$, while non-stationary schemes generate function spaces that are much richer and include exponential polynomials as well as exponential *B*-splines (see e.g. \[[@CR2], [@CR27], [@CR35], [@CR46], [@CR48], [@CR53], [@CR63]\]). This generation property is important in several applications, e.g. in biological imaging \[[@CR28], [@CR29]\], geometric design \[[@CR51], [@CR62], [@CR67]\] and in isogeometric analysis (see \[[@CR3], [@CR13], [@CR14], [@CR23]\] and references therein). The interest in non-stationary subdivision schemes is also due to the fact that they include Hermite schemes that do not only model curves and surfaces, but also their gradient fields. Such schemes are used in geometric modelling and biological imaging, see e.g. \[[@CR39], [@CR54]--[@CR56], [@CR65]\]. Additionally, multi-resolution analysis based on any stationary subdivision scheme uses the same filters at each level of the decomposition and reconstruction. On the contrary, non-stationary wavelet and frame constructions are level adapted and more flexible, see e.g. \[[@CR32], [@CR37], [@CR48], [@CR50], [@CR66]\]. Unfortunately, in practice, the use of subdivision is mostly restricted to the class of stationary subdivision schemes. One reason for that is the lack of general methods for their analysis, especially methods for their convergence and regularity analysis. This motivates our study.

The main difficulty is that the matrix approach cannot be directly extended to the non-stationary setting. In the stationary case, the Hölder regularity of subdivision limits is derived from the joint spectral radius of a finite set of linear operators which are restrictions of *transition matrices* of the subdivision scheme to their special linear subspace. In the non-stationary case, one deals with a sequence of transition matrices and a sequence of their corresponding linear subspaces. Both may not converge a priori. Deep analysis of such sequences allows us to prove that the sequence of such linear subspaces does possess a limiting subspace (provided the scheme converges). Moreover, as in the stationary case, we show how to express the Hölder regularity of non-stationary subdivision in terms of the joint spectral radius of the limit points of the sequence of transition matrices restricted to this limiting linear subspace. Both results provide a powerful tool for analysis of non-stationary subdivision schemes. Several numerical examples demonstrate the efficiency of our method.

Finally, note that there is another class of non-stationary schemes that can generate $\documentclass[12pt]{minimal}
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                \begin{document}$$C^\infty $$\end{document}$ limits (Rvachev-type functions) with bounded support, see \[[@CR33]\]. The trade-off is that the supports of their level-dependent subdivision masks grow from level to level of the subdivision recursion. Our approach for regularity analysis is based on computations of the joint spectral radius of a compact set of matrices. Therefore, naturally, it does not apply to Rvachev-type schemes, since, the corresponding matrix sets are unbounded. For analysis and applications of Rvachev-type schemes we refer the reader, for example, to \[[@CR15], [@CR33], [@CR49]\].
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                \begin{document}$${\varvec{c}}^{(1)}:=\{ c^{(1)}(\alpha ) \in \mathbb {R},\ \alpha \in \mathbb {Z}^s\}$$\end{document}$ a subdivision scheme iteratively constructs a sequence of progressively denser data by means of *local refinement rules* which are based on the sequence of *subdivision operators* $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{c}}^{(k)} \in \ell (\mathbb {Z}^s)$$\end{document}$ into finer sequences $\documentclass[12pt]{minimal}
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                \begin{document}$$N \in \mathbb {N}$$\end{document}$. To be able to use the joint spectral radius approach, we furthermore assume that the sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\mathbf {a}^{(k)},\ k\ge 1\}$$\end{document}$ is bounded. Such schemes are called either *level-dependent*, or *non-stationary* or *non-homogeneous*. Here we use the term *non-stationary* and denote these type of subdivision schemes by the corresponding collection of subdivision operators $\documentclass[12pt]{minimal}
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                \begin{document}$$\{S_{\mathbf {a}^{(k)}}, \ k\ge 1 \}$$\end{document}$. A subdivision scheme whose refinement rules are level independent is said to be *stationary* (see \[[@CR5]\], for example) and, for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$S_\mathbf {a}$$\end{document}$. There is a multitude of results on convergence and regularity of stationary subdivision schemes in the literature (for example see \[[@CR5], [@CR11], [@CR12], [@CR43], [@CR47], [@CR57]\] and references therein). These results rely on polynomial generation and reproduction properties of subdivision operators and employ the so-called restricted spectral radius or the joint spectral radius techniques. It has been believed until recently that these two concepts have no immediate application in the non-stationary setting. The reason for this belief is that convergent non-stationary schemes do not necessarily generate or reproduce any polynomial spaces, see e.g. \[[@CR19]\].

In this paper, we make use of the concepts of *approximate sum rules* and *asymptotic similarity* to link stationary and non-stationary settings and show how to employ the *joint spectral radius* for smoothness analysis of non-stationary schemes. This allows us to provide a general and unifying approach for the analysis of convergence and regularity of a vast majority of non-stationary subdivision schemes. Our results generalize the existing well-known methods in \[[@CR18], [@CR34], [@CR36]\], which only allow us to check convergence and Hölder regularity of special instances of non-stationary schemes. In fact, the sufficient conditions in \[[@CR34]\] are based on the concept of *asymptotic equivalence* which we recall in the following Definition [1](#FPar1){ref-type="sec"}, where *E* is a set of representatives of $\documentclass[12pt]{minimal}
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### Definition 1 {#FPar1}
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                \begin{document}$$\begin{aligned} \sum _{k=1}^\infty m^{k \ell } \Vert S_{\mathbf {a}^{(k)}}-S_{\mathbf {b}^{(k)}}\Vert _\infty <\infty ,\quad \hbox {for} \ \Vert S_{\mathbf {a}^{(k)}}\Vert _\infty :=\max _{\varepsilon \in E}\left\{ \sum _{\alpha \in \mathbb {Z}^s}|\mathrm{a}^{(k)}(M\alpha +\varepsilon )|\right\} .\quad \end{aligned}$$\end{document}$$
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### Definition 2 {#FPar2}
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In the spirit of ([3](#Equ3){ref-type=""}), in this paper, we present a generalization of the notion of sum rules which we call *approximate sum rules*.
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In \[[@CR18]\], in the univariate binary non-stationary setting, milder sufficient conditions than asymptotic equivalence are essentially derived under the assumptions that the scheme $\documentclass[12pt]{minimal}
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The following definition of *asymptotic similarity* generalizes the one given in \[[@CR18]\]. This notion allows us to relate the properties of non-stationary subdivision schemes to the corresponding properties of the stationary masks in $\documentclass[12pt]{minimal}
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### Definition 5 {#FPar5}
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Summary of the results {#Sec3}
----------------------

For the reader's convenience, we summarize here the main results presented in this paper. The details are given in Sect. [3](#Sec5){ref-type="sec"}.

In the rest of the paper we assume that the symbols $\documentclass[12pt]{minimal}
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One of our results states that even in the univariate case approximate sum rules are close to being necessary for convergence and smoothness of non-stationary subdivision schemes.

### Theorem 1 {#FPar6}
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The proof of Theorem [1](#FPar6){ref-type="sec"} is given in Sect. [4](#Sec16){ref-type="sec"}. Thus, if the scheme converges to a $\documentclass[12pt]{minimal}
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In the stationary case, the Hölder regularity of the subdivision limits, as well as the rate of convergence of the corresponding subdivision scheme $\documentclass[12pt]{minimal}
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The proof of Theorem [2](#FPar7){ref-type="sec"} is given in Sect. [3.4](#Sec9){ref-type="sec"}. Thus, in the non-stationary case, the smoothness of the limit function depends not only on the joint spectral radius of the matrices in $\documentclass[12pt]{minimal}
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Note that, as in the stationary case, the order of approximate sum rules satisfied by the symbols of a non-stationary scheme can be much higher than its regularity.

For applications of Theorem [2](#FPar7){ref-type="sec"} to parameter dependent non-stationary schemes see \[[@CR8]\]. There are several immediate important consequences of Theorem [2](#FPar7){ref-type="sec"} that generalize the corresponding results in \[[@CR18], [@CR34], [@CR36]\]. For example the following Corollary extends the results in \[[@CR18]\] with respect to the dimension of the space, the regularity of the limit functions and the more general notion of asymptotic similarity given in Definition [5](#FPar5){ref-type="sec"}.

### Corollary 1 {#FPar8}
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Theorem [2](#FPar7){ref-type="sec"} provides a lower bound for the Hölder exponent of the subdivision limits, whereas the next result allows us to determine its exact value, under slightly more restrictive assumptions.

### Theorem 3 {#FPar9}
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The proof of Theorem [3](#FPar9){ref-type="sec"} is given in Sect. [3.5](#Sec12){ref-type="sec"}. An important special class of non-stationary schemes that satisfy assumptions of Theorem [3](#FPar9){ref-type="sec"} are the schemes whose symbols satisfy sum rules of order $\documentclass[12pt]{minimal}
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The main application of Theorem [3](#FPar9){ref-type="sec"} is the proof of the following conjecture by Dyn et al. stated in \[[@CR32]\].

### Conjecture 1 {#FPar10}

(\[[@CR32]\]) The Hölder regularity of every generalized Daubechies type wavelet is equal to the Hölder regularity of the corresponding classical Daubechies wavelet.

We prove this conjecture in Theorem [5](#FPar43){ref-type="sec"} and compute some of the corresponding Hölder exponents, see Sect. [3.6.1](#Sec14){ref-type="sec"}.

This paper is organized as follows. In Sect. [2](#Sec4){ref-type="sec"}, we summarize important known fact about stationary and non-stationary subdivision schemes. The proofs of the results stated in Sect. [1.2](#Sec3){ref-type="sec"} are given in Sect. [3](#Sec5){ref-type="sec"}. In particular, in Sect. [3.3](#Sec8){ref-type="sec"}, we provide sufficient conditions for convergence of non-stationary subdivision schemes whose symbols satisfy assumptions of Theorem [2](#FPar7){ref-type="sec"} with $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell =0$$\end{document}$. The argument in the proof of the corresponding Theorem [4](#FPar24){ref-type="sec"} is actually independent of the choice of the dilation matrix *M*. For that reason we give a separate proof of convergence and, then, in Sect. [3.4](#Sec9){ref-type="sec"}, present the proof of the more general statement of Theorem [2](#FPar7){ref-type="sec"}. In Sect. [3.5](#Sec12){ref-type="sec"}, we give the proof of Theorem [3](#FPar9){ref-type="sec"}. We illustrate our convergence and regularity results with several deliberately simple examples in Sect. [3.6](#Sec13){ref-type="sec"}. There we also prove Conjecture [1](#FPar10){ref-type="sec"} formulated in \[[@CR32]\] about the regularity of generalized Daubechies wavelets. Next, in Sect. [4](#Sec16){ref-type="sec"}, we prove the necessary conditions stated in Theorem [1](#FPar6){ref-type="sec"}.

Background and preliminary definitions {#Sec4}
======================================

In this section we recall well-known properties of subdivision schemes. We start by defining convergence and Hölder regularity of non-stationary and, thus, also of stationary subdivision schemes. We would like to distinguish between the following two different types of convergence, both being investigated in the literature on stationary and non-stationary subdivision schemes. We denote by $\documentclass[12pt]{minimal}
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Definition 6 {#FPar11}
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Definition 7 {#FPar12}
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Definition 8 {#FPar13}
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Proof {#FPar17}
-----
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We conclude this section by recalling the notion of the joint spectral radius of a set of square matrices, see \[[@CR64]\].

Definition 11 {#FPar18}
-------------
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Convergence and Hölder regularity of non-stationary schemes {#Sec5}
===========================================================

In this section we derive sufficient conditions for convergence and Hölder regularity of a wide class of non-stationary subdivision schemes. In our proofs we make use of the special structure of the matrices $\documentclass[12pt]{minimal}
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-----
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Next, we would like to remark that the class of the non-stationary schemes we analyze is not empty.

Remark 1 {#FPar21}
--------
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Transformation basis {#Sec6}
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Sum rules versus approximate sum rules {#Sec7}
--------------------------------------
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Convergence {#Sec8}
-----------
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### Definition 12 {#FPar23}
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In the case of a general dilation matrix, the set *E* is the set of coset representatives $\documentclass[12pt]{minimal}
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### Theorem 4 {#FPar24}
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### Proof {#FPar25}

By \[[@CR37]\], the convergence of a non-stationary scheme is equivalent to the convergence of the associated cascade algorithm. Thus, to prove the convergence of the non-stationary scheme $\documentclass[12pt]{minimal}
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### Corollary 2 {#FPar26}
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We would like to remark that Theorem [4](#FPar24){ref-type="sec"} generalizes \[[@CR18], Theorem 10\] dealing with the binary univariate case under the assumption that the non-stationary scheme reproduces constants. Theorem [4](#FPar24){ref-type="sec"} is also a generalization of the corresponding results in \[[@CR34], [@CR36]\] that require that stationary and non-stationary schemes are asymptotically equivalent.
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--------------------------------------------------------------------------------------------

In this section we prove Theorem [2](#FPar7){ref-type="sec"} stated in the Introduction, i.e. we derive sufficient conditions for Hölder regularity of non-stationary multivariate subdivision schemes. Note that Theorem [2](#FPar7){ref-type="sec"} with $\documentclass[12pt]{minimal}
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### Auxiliary results {#Sec10}
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#### Lemma 2 {#FPar27}
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The proof of Theorem [2](#FPar7){ref-type="sec"} is long, so we split it into two parts: Propositions [2](#FPar31){ref-type="sec"} and [3](#FPar33){ref-type="sec"}. In the first part of the proof, given in Proposition [2](#FPar31){ref-type="sec"}, we show that the assumptions of Theorem [2](#FPar7){ref-type="sec"} are indeed sufficient for the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^\ell $$\end{document}$-convergence of non-stationary schemes. In particular, we let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f \in C^\ell (\mathbb {R}^s)$$\end{document}$ be compactly supported, stable and refinable with respect to the dilation matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M=mI$$\end{document}$ and the mask $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {e} \in \ell _0(\mathbb {Z}^s)$$\end{document}$. Then, for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=0, \ldots ,\ell $$\end{document}$ and for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu \in \mathbb {N}_0^s$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\nu |=j$$\end{document}$, we consider the sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{D^\nu f_k, \ k \ge 1\}$$\end{document}$, where for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_k:= {\mathcal T}^{(1)} \ldots {\mathcal T}^{(k)}f$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} D^\nu f_k=m^{jk} {\mathcal T}^{(1)} \ldots {\mathcal T}^{(k)} D^\nu f, \quad {\mathcal T}^{(k)} f=\displaystyle \sum _{\alpha \in \mathbb {Z}^s} \mathrm{a}^{(k)}(\alpha ) f(M\cdot -\alpha ), \end{aligned}$$\end{document}$$i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal T}^{(k)}$$\end{document}$ is the transition operator associated with the mask $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{a}^{(k)}$$\end{document}$, and show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{D^\nu f_k, \ k \ge 1\}$$\end{document}$ converges uniformly to the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu $$\end{document}$-th partial derivative of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _1$$\end{document}$.

#### Proposition 2 {#FPar31}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell \ge 0$$\end{document}$. Assume that the symbols of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{ S_{{\mathbf a}^{(k)}}, \ k \ge 1\}$$\end{document}$ satisfy approximate sum rules of order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell +1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho ({\mathcal T}_{\mathcal A}|_{V_\ell })<m^{-\ell }$$\end{document}$. Then, for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=0, \ldots ,\ell $$\end{document}$ and for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu \in \mathbb {N}_0^s$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\nu |=j$$\end{document}$, the sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{D^\nu f_k, \ k \ge 1\}$$\end{document}$ in ([30](#Equ30){ref-type=""}) converges uniformly to the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu $$\end{document}$-th partial derivative of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _1$$\end{document}$. Moreover, there exists a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C>0$$\end{document}$ independent of *k* such that for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta _n$$\end{document}$ as in ([23](#Equ23){ref-type=""}) we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert D^\nu f_k-D^\nu \phi _1\Vert _{\infty } \le C \sum _{n=k}^\infty \eta _n, \quad |\nu |=\ell , \quad k \ge 1. \end{aligned}$$\end{document}$$
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Combining Propositions [2](#FPar31){ref-type="sec"} and [3](#FPar33){ref-type="sec"}, we complete the proof of Theorem [2](#FPar7){ref-type="sec"}.

Rapidly vanishing approximate sum rules defects {#Sec12}
-----------------------------------------------
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### Corollary 3 {#FPar35}
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Next, in this subsection we prove Theorem [3](#FPar9){ref-type="sec"} stated in the Introduction. It shows that the inequality $\documentclass[12pt]{minimal}
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In the proof of Theorem [3](#FPar9){ref-type="sec"} we make use of several auxiliary facts on long matrix products. The first one of them is stated in the following lemma which is a special case of \[[@CR59], Proposition 2\].

### Lemma 4 {#FPar36}
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### Lemma 5 {#FPar37}
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### Proof {#FPar38}
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Next, we adapt Lemma [5](#FPar37){ref-type="sec"} to the non-stationary setting. The proof of the following result is similar to the proof of Lemma [5](#FPar37){ref-type="sec"} and we omit it.

### Lemma 6 {#FPar39}
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We are ready to prove Theorem [3](#FPar9){ref-type="sec"}.
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Applications and examples {#Sec13}
-------------------------

In the this section, see Sect. [3.6.1](#Sec14){ref-type="sec"}, we prove the conjecture formulated in \[[@CR32]\], which stipulates the Hölder regularity of the generalized Daubechies wavelets. The proof of this conjecture is a direct consequence of Theorem [3](#FPar9){ref-type="sec"}. We also determine the exact Hölder regularity of some of such generalized Daubechies wavelets. Moreover, in Sect. [3.6.2](#Sec15){ref-type="sec"}, we illustrate our theoretical convergence and Hölder regularity results with several deliberately simple examples for which though neither the results of \[[@CR18]\] nor the ones in \[[@CR34], [@CR36]\] are applicable.

Note that, in this section, we use the techniques from \[[@CR41]\] that allow for exact computation of the joint spectral radius of the corresponding matrix sets. The method in \[[@CR41]\] determines the so-called *spectrum maximizing product* of such sets, which yields the exact value of the joint spectral radius.

### Definition 13 {#FPar42}
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### Exact Hölder regularity of generalized Daubechies wavelets {#Sec14}

The non-stationary Daubechies wavelets are defined and studied in \[[@CR32]\] and are obtained from Daubechies wavelets in \[[@CR25]\] by suitable perturbation of the roots of the stationary symbols. Let $\documentclass[12pt]{minimal}
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#### Proof {#FPar44}
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### Further examples {#Sec15}

In this subsection we apply our convergent and regularity results to several deliberately simple non-stationary subdivision schemes whose analysis was impossible so far. These examples are constructed only for illustration purposes.

#### Example 2 {#FPar45}
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#### Example 4 {#FPar47}
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Using Theorem [2](#FPar7){ref-type="sec"} with $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_j:=T_{j-4,\mathbf {d}}|_{V_2}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=4,5,6$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} T_4=\frac{1}{162}\left( \begin{array}{rrrr} 1 &{} 0 &{} 0 \\ 5 &{} 5 &{} 3 \\ 0 &{} 1 &{} 3 \end{array} \right) ,\qquad \quad T_5=\frac{1}{162}\left( \begin{array}{rrrr} 3 &{} 1 &{} 0 \\ 3 &{} 5 &{} 5 \\ 0&{} 0 &{} 0 \end{array} \right) , \qquad T_6=\frac{1}{162}\left( \begin{array}{rrrr} 5&{} 3 &{} 1 \\ 1&{} 3 &{} 5 \\ 0&{} 0&{} 0 \end{array} \right) . \end{aligned}$$\end{document}$$The spectrum maximizing product is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_1 T_3$$\end{document}$, which implies that the Hölder exponent $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ coincides with the Hölder exponent of the scheme $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_{\varvec{c}}$$\end{document}$.

In the next two examples, we construct and analyze the regularity of a univariate and a multivariate non-stationary subdivision schemes obtained by suitable perturbations of the masks of the known stationary subdivision schemes. These non-stationary schemes are not asymptotically equivalent to any stationary scheme and, thus, the results of \[[@CR34]\] are not applicable. Note though that these schemes satisfy approximate sum rules of order 2 and the other assumptions of Theorem [2](#FPar7){ref-type="sec"}.

#### Example 5 {#FPar48}
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Further properties {#Sec16}
==================

In this subsection, we prove Theorem [1](#FPar6){ref-type="sec"} stated in Sect. [1.2](#Sec3){ref-type="sec"}. Its proof is based on the next Proposition [4](#FPar51){ref-type="sec"} that studies the infinite products of certain trigonometric polynomials. The statement of Proposition [4](#FPar51){ref-type="sec"} involves the following concepts.
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Proposition 4 {#FPar51}
-------------
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Proof {#FPar52}
-----
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We are finally ready to prove the main result of this section, Theorem [1](#FPar6){ref-type="sec"}.

Proof of Theorem 1 {#FPar53}
------------------
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